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Figure 8.1 Hypothetical Example of Continuous Longitudinal Data which can be Well
Described by a Linear Mixed Model with Random Intercepts and Random Slopes. The thin lines
represent the observed subject-specific evolutions. The bold line represents the population-
averaged evolution

persons to be different with respect to their
ability to pass the tests. As before, the ui will
be called random effects, and will be assumed
to be normally distributed with mean zero. A
graphical representation of this model is given
in Figure 8.2. As for the linear model, person-
specific slopes could have been included as
well.

A general formulation is as follows. Con-
ditionally on random effects ui , it is assumed
that the elements yi j of yi are independent,
with density function of an exponential
family form

fi (yi j |ui ) = exp [(yi jηi j − a(ηi j ))/φ

+c(yi j , φ)], (8.5)

with a and c functions andφ an overdispersion
parameter, and further with mean E(yi j |ui ) =

a′(ηi j ) = µi j (ui ) and variance Var(yi j |ui ) =

φa′′(ηi j ), and where, apart from a link func-
tion h, a linear regression model with param-
eters β and ui is used for the mean, i.e.,

h(µi (ui )) = X iβ + Zi ui . (8.6)

Note that the linear mixed model is a special
case, with identity link function. As in the lin-
ear model, the random effects ui are assumed
to follow a multivariate normal distribution
with mean 0 and covariance D. Usually, the
canonical link function is used, i.e., h = a′−1,
such that ηi = X iβ + Zi ui . For example, for
binomial data, the logit link is canonical. For
Poisson data, the log link is canonical. The
advantage of this choice is a simplified form
for the score equations for which, in many
cases, fast and stable fitting algorithms can be
constructed. Note also that when a link func-
tion other than the identity link is used, the
fixed effects need to be interpreted in a way
which is consistent with the link. For exam-
ple, if a logit link is used, as in (8.4), the slope
β2 is the change in the log odds of success
associated with a one-unit change in the pre-
dictor, holding all other effects in the model
fixed; if a log link is used, exp(β) is the mul-
tiplicative change in the mean of the outcome
associated with a one-unit change in the pre-
dictor, holding all other effects in the model
fixed.




