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544 SURVIVAL ANALYSIS AND THE FRAILTY MODEL

Table 30.1 Gompertz Survival Models Fitted to the CFAS Data for Men. Point estimates
and estimated standard errors in parentheses for the effects of the covariates

Year Year Educ. −2×Log-
Model Education of Birth × Time Likelihood

1 18124
2 –0.15 (0.05) 18116
3 –0.14 (0.05) –0.02 (0.01) 18099
4 –0.35 (0.15) –0.03 (0.01) 0.01 (0.01) 18097
5 –0.41 (0.19) –0.03 (0.01) 0.01 (0.01) 18097

65 70 75 80 85 90 95 100

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Age

S
ur

vi
vo

r 
fu

nc
tio

n

70 80 90 100

−
6

−
4

−
2

0
2

Log of age

Lo
g−

cu
m

ul
at

iv
e 

ha
za

rd

Figure 30.1 Kaplan-Meier Curves on the left-hand side, and Cumulative Hazard Curves
on the right-hand side. Solid line for men with ten or more years of education, dashed
line for those with less than ten years

Next, we estimate the frailty model (30.1)
by maximizing the marginal likelihood. This
is Model 5, with−2Loglik = 18097. In terms
of −2Loglik, introducing the frailty term to
the model does not lead to a statistically sig-
nificant improvement. The standard deviation
σ of the random effect distribution is small
and estimated as 0.024. The corresponding
small random effects u j may not be statisti-
cally significant with regard to mortality, but
these effects may still be relevant and indica-
tive in a comparison of the clusters. We return
to this issue later.

For Model 5, the estimates of the baseline
hazard parameters are β̂0 = −3.18 (0.22),
and γ̂ = 0.06 (0.01), where estimated stan-
dard errors are in parentheses. The estimate of
γ clearly shows the effect of age, leading to
an increased hazard with increasing age.

The negative estimate of the effect of year
of birth means that, for instance, those who are

85 in 2001 have a lower hazard at that age than
those who are 85 in 1991. This is consistent
with the fact that cohort life expectancy in
the UK is increasing (UK Office for Statistics,
www.statistics.gov.uk).

The effect of education is of primary inter-
est. The negative effect on the hazard implies
a positive effect of more education on sur-
vival. Although there is a change of the
main effect of education when going from
Model 4 to Model 5, this change is mini-
mal compared with the estimated standard
errors. The positive coefficient for the inter-
action between education and age means that
the positive effect of more education weak-
ens with increasing age. This is in line with
information from the Kaplan–Meier curves
in Figure 30.1, where the two curves are very
similar for the older ages.

In Section 30.5, the Gompertz frailty
model will be estimated within the Bayesian
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Figure 30.3 For Men Aged 70 and Born in 1920, Posterior Means of Survival Derived
from the Gompertz Frailty Model. For both education groups, five survival curves
corresponding to the five clusters in the data

model (30.6), the parameter vectors for the
baseline hazards are γ = (γ12, γ21, γ21, γ23),
and β0 = (β12.0, β13.0, β21.0, β23.0). For
the covariates effects we have (β12.1,

β12.2, β12.3), and for the frailty terms we
have (σ, τ ). Analogous to the survival frailty
model, for the entries of γ , β0, and
(β12.1, β12.2, β12.3), we specify vague priors
given by N (0, 10). For the standard deviations
of the frailty distributions, we use U (0, 5).

We also investigated a model where the
individual frailty for the transition from the
disability state to the death state was specified
as θvi , with θ a parameter to be estimated from
the data, i.e., hi j.23(t) in (30.6) is replaced
by hi j.23(t) = h23.0(t) exp(θvi ). This model
takes into account the fact that the frailty
for individual i may be transition-specific

with respect to death. However, the param-
eter θ could not be identified using the data at
hand. For θ to be identified, multi-state data is
needed where many individuals are observed
in both state 1 and state 2 several times.

Table 30.3 presents posterior means and
95% CIs for the model parameters in the
three-state model. The effect of age param-
eterized by γrs is as expected. For the transi-
tions 1→ 2, 1→ 3, and 2→ 3 the effect is
positive, showing the increase of risk of a tran-
sition when men get older. The negative effect
for transitions 2 → 1 is also understand-
able, as recovery from disability becomes less
likely with increasing age.

For the hazard of transition 1 → 2, the
effect of more education is negative (the
posterior mean of β12.1 is −0.34). This effect
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Figure 30.5 For Men Born in 1920, Posterior Means of the Probability of Not Being
Disabled Conditional on Being Alive, and no Disability at Age 70. For both education
groups, five survival curves corresponding to the five clusters in the data. The top two
curves at age 90 correspond to the cluster with the lowest frailty

advantage of the ε-approximation is that we
have exactly the same likelihood for the fre-
quentist inference and the Bayesian inference.

Approximating the survival function using
piecewise-constant hazards is an approxima-
tion of an integral. The chosen grid will affect
the performance of the approximation. For
the fixed-effects survival model 3 with the
ε-approximation, we replaced the two-yearly
grid with a series of finer grids. The effect
of the specification of the grid seems limited.
Given a one-yearly grid, for γ we obtain the
estimate (and estimated standard error) 0.07
(0.01), and for the effects of Education and
Year of Birth we get −0.14 (0.05) and −0.02
(0.01), respectively. The advantage of the grid
is that time-dependent covariates can be taken
into account easily. Using a relatively coarse
grid reduces the computations needed to max-
imize the likelihood.

In this chapter, the normal distribution was
chosen for the frailty term. Another com-
mon choice is the gamma distribution. In the
regression equation for the survival model
this would mean hi j (t) = h0(t)w j exp(xi jβ),
where the frailty w j follows a gamma

distribution. For the Weibull model with the
gamma frailty, the likelihood has a closed
form, but for survival models with normal
frailty there is no such closed form and numer-
ical methods are needed to approximate the
integrals in the likelihood (Duchateau and
Janssen, 2008, Sections 2.2 and 4.7). We did
not investigate other distributions besides the
normal. The disadvantage of using the normal
frailty is that taking the mean of the frailty
distribution does not produce the mean trend
in the population due to the non-linearity of
the model for the hazard. However, the advan-
tages are that the modeling structure resem-
bles those of the multilevel models described
elsewhere in this book, and users have, in
general, a basic understanding of the normal
distribution.

30.8 CONCLUSION

In this chapter, frailty models for survival
are applied to longitudinal data from a
population-based multi-centre study of older
men in England and Wales. With regard
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